Unveiling the tachyon dynamics in the Carrollian limit 
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We briefly study the dynamics at classical level of the Carrollian limit, with vanishing speed of 
light and no possible propagation of signals, for a simply effective action in a flat space with a open 
string tachyon as scalar field. The canonical analysis of the theory indicates that the equation of 
motion is of Dirac type contrary to non-relativistic case where the equation is of Schrodinger type. 
The ultimate intention is to analize the latter case with electromagnetic fluxes finding that in this 
case the open string tachyon cannot be interpreted as time. 
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I. INTRODUCTION 

In past years the role of the tachyon in certain string 
theories has been explored and this has resulted in a bet- 
ter understanding of the D-brane decaying process [H,[l|. 
The basic idea is that the usual open string vacuum is 
unstable, but there exists a stable vacuum with zero en- 
ergy density which is stable, which a tachyon field T(x) 
naturally moves to. Nevertheless it seems that aspects of 
this process can be compared with a simple effective field 
theory models. In this case maybe the simplest model 
was proposed by Sen [l[. This success of effective ac- 
tion methods, together with the difficulties of other ap- 
proaches described encourages one to pursue this further 
and to attempt a exact description of the cosmology of 
tachyon rolling 

Moreover, in the case where there are electromagnetic 
fluxes, the tachyon field is on the same footing as a trans- 
verse scalar in the Dirac-Born-Infeld action for a brane 
Q. In this case we look for a solution with a constant 
electromagnetic field and find that the condensed state at 
V(T) — ¥ is given by T 2 +E 2 = 1, where T means deriva- 
tive with respect to the dimensionless time of tachyon 
field and E = \E\. To understand the dynamics it is con- 
venient to do the Hamiltonian formulation of the theory. 

The present manuscript is organized as follows. In Sec. 
II we review the role of the open string tachyon in the 
field theory and how this scalar field takes place in the 
decaying process. 

In Sec. Ill we describe what we have called the Car- 
rollian limit mechanism for open string states. Since this 
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entails familiarity with Carroll group, I planned to in- 
clude also the Galilean group and the differences between 
them. 

In Sec. IV we discuss some aspects when this theory 
is coupled to gravity. 

In Sec. V we use the low energy effective action of 
the open string tachyon and take the two possible limits: 
first the Galileo limit (when c — > oo), i.e the contravari- 
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,1,1,1) is well defined, contrary 



to the Carrollian limit (when c — > 0). For this case we 
obtain in the Hamiltonian formulation a Dirac type equa- 
tion. 

In section VI we use again the effective action and con- 
sider the case in which F M „ 7^ to find that the tachyon 
is accelerated and emits radiation in the direction of the 
electromagnetic field. 



II. OPEN STRING TACHYON IN FIELD 
THEORY 

To understand clearly the tachyon dynamics we take 
into consideration a real scalar field <f> in a flat space-time. 
The Lagrangian of this theory is given by 
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where V ((f)) is the scalar field potential. In perturbation 
theory usually we expand the potential of the form 



V (0) = V + \i(f> + A 2 2 + A 3 3 + 



(2) 



and assume that cj> n becomes small, as the system evolves 
in time for large n. We also know that A2 = m 2 , i.e this 
is a mass term. In this expansion we have two interesting 
cases: a) V" (</> = 0) = A2 > 0, i.e m 2 > 0, the theory 
has a real mass spectrum. In this case, the solutions 
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of 4> n decrease for large n over time and therefore the 
perturbation theory is valid. And, b) V" ((f) = 0) = A 2 < 
0, i.e m 2 < 0, and the theory has a imaginary mass 
spectrum, i.e a tachyon. In this case, the solutions of </>" 
grow to infinity for large n over time and as a consequence 
the perturbation theory is no longer valid. The latter case 
indicates that the theory is unstable around = 0. The 
usual way to solve this is to find a critical point (stable) 
4> = <f>a , where the perturbation theory must be valid and 
obtain a real mass spectrum. Sen found a clear way to 
study the tachyons in certain string theories similar to 
previous case [l[ . He suggested that at a effective theory 
level (low energy) the tachyons indicate the instability of 
the system and correspond to decaying processes systems 
of open string with branes. 

If we configure the system to a initial time so that the 
tachyon have a initial amplitude in T = we have an un- 
stable state and V (T — 0) > 0. Any small perturbation 
would allow to the tachyon potential descends and reach 
any of the two minimum. In theory these two minimum 
are stable under small perturbations in the field <f> and 
its mass spectrum is real. 

On the other hand, as proposed by Sen, Gibbons sug- 
gested analyze the coupling to gravity and considering 
the resulting cosmology [3] , [4| . In this case he found that 
Sen's action is defined with a covariant metric rj^ v and 
then the limit of the theory is correct when c — > 0, be- 
cause in this case there exists a regular metric, this limit 
is the so-called Carrollian limit. Of course, Gibbons took 
this into consideration for classical cases and geometric 
level (collapse of cones of light). 



III. HOW DOES THE CARROLLIAN LIMIT 
WORK? 

The Carroll limit is defined as the limit when c — > 0, 
where c, as we know, is the speed of light, which in this 
context is seen as a parameter. In this limit, the resulting 
space is called Carroll space-time and the symmetries 
of this space define a transformation group called the 
Carroll group. Then, given a theory that incorporates 
the speed of light as a parameter (i.e a relativistic theory) 
it is possible to make this limit, also called contraction, 
and obtain new properties very different from what we 
originally had. A well known example of this contraction 
is the case of the Poincare group, in which it is possible 
to get the Galilean group through the limit c->oo. The 
latter limit is physically interpreted as the unreal limit 
of the theory. However, from a geometric point of view, 
we can see that given the line element 

ds 2 = -c 2 dt 2 + dx 2 , (3) 

we introduce the covariant metric 

V, = (-c 2 , 1,1,1), (4) 



where ds 2 = rj^dx^dx 1 * . The inverse matrix is just the 
contravariant matrix 

^ = (- c - 2 , 1,1,1). (5) 

The remarkable thing is that in the limit c — > oo, the 
contravariant metric ([5]) is well defined and the covariant 
not, while in the limit c — > 0, the opposite happens. The 
first case defines a structure called the Newton-Cartan 
and the second defines a Carroll space-time. 

IV. COUPLING TO GRAVITY 

Follow the common wisdom and assume that the rela- 
vant action in a flat space is 

S = J d A xL, (6) 

where the Lagrangian density has the form of Born-Infeld 

L = -V(T)^/-detA^, Apv = + d^T. (7) 

With this in mind, the natural way to introduce the grav- 
itational field is by hand, 

S = - J d 4 xV(T)^^l + g^d^TdvT. (8) 

The term inside the root is the metric associated to the 
open string sector (i.e only tachyonic matter) 

G„ v = g^u + d^Td v T. (9) 

For the case when the open string tachyon T depends on 
time, 

G^d — diag(—l + T 2 , 1, 1, 1). (10) 

As explained before, the tachyon condensate takes place 
in the limit when its velocity tends to one, so pH|) can 
be rewritten as 

0^-^^0^(0,1,1,1). (11) 

Here the covariant metric is well defined and therefore the 
tachyon condensate naturally gives us a Carroll space- 
time. 



V. SEN'S ACTION IN TWO LIMITS 

The open string tachyon can be described by an effec- 
tive action where the flat space has a Lagrangian given 
by 

L = -V(T)j -debtor + 8,mT), (12) 

where V(T) is the tachyon potential and has a positive 
maximum at the origin and a minimum at T = T$. At 
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this point the potential vanishes. The equation (jT2|) re- 
produces correctly the asymptotic behaviour T — > ±00 
for the energy density and pressure obtain by Sen, and 
therefore, it is a good model to describe the effective the- 
ory 

For a homogeneous tachyon T = T(t) the equation (fT"2|) 
has the form 



(13) 



We known that for the Galileo group c — > 00, if we expand 
the root and take this limit our Lagrangian can be written 

as 



condensation V(T) —> 0, 




L^-cV(T) l- o ;1 



H 

2c 2 



(14) 



On the other hand, if we take the Carrollian limit c — » 
over (|13p the expansion of the Lagrangian is now 



L 



-iV(T)T- 



(15) 



Calculating the canonical momentum associated with the 
tachyon we get 



r)T 

n T = = —iV(T). 
dT K ' 

From here we have the following constraint 
$ T = n T + iV(T) w 0, 



(16) 



(17) 



where the notation w means weakly zero in Dirac's lan- 
guage. Due to the constraint (JTTJ) , the canonical Hamil- 
tonian is zero and therefore the Hamiltonian of the the- 
ory (total Hamiltonian) is given by the product of an 
arbitrary function (Lagrange's multiplier) and the con- 
straint ([i"7l) . If we impose at quantum level the total 
Hamiltonian and therefore the constraint then we see 
that the Hamiltonian is not hermitian if the potential 
is real. So, the dynamics are defined at quantum level 
only if the potential is pure imaginary, i.e when exists 
the creation of tachyons. At classical level, the solution 
for the tachyon is formally given by the temporal inte- 
gral of the Lagrange's multiplier. As we can easily see 
by calculating the equation of Hamilton using the total 
Hamiltonian we can interpret the tachyon as time only if 
the Lagrange's multiplier is a constant. 



L = -V{T)^-det( Vttu + d^TO^T) + F^. (18) 
In this last equation we only added to equation (|12|) the 
electromagnetic term. If E — \E\ is a constant, then 
T 2 + E 2 —> 1, when T^oo. In the literature we only 
found the effects of the electric field E. In the same line, 
our intention is to discuss what happens in the case when 
the magnetic field B exists? The above expresion changes 
in the following way: the matrix obtain for this case is 



( -1 + Zr XE X XE 2 XE 3 \ 

-A£i 1 XcB 3 -XcB 2 

-XE 2 -XcB 3 1 XcBi 

\ -XB 3 XcB 2 -XcBi 1 / 



(19) 



where A 2 = c 2 . After lengthy but otherwise straightfor- 
ward calculations, we can write the Lagrangian 



L = — 



V(T)\ 



T 2 1 + c 2 B 2 E 2 + lE-B 
1 ^ — = '- +B 2 



In the limit of tachyon condensation we have 



f 2 f 1 + B 2 



E 2 - B 2 



E-B 



1, 



(20) 



(21) 



where we consider c = 1 for simplicity. In the case pro- 
posed by Gibbons (B s» 0) we note that the tachyon is 
accelerated and therefore emits radiation and the prop- 
agation is in the direction of the electric field E. The 
allowed range for tachyon velocity is then 0, Vl-E 2 }. 

In our case, the propagation of radiation occurs in the 
component of electromagnetic field, but if we consider 
E sa 0, may imply that T 1, in other words, the 
condensate is not affected in the presence of magnetic 
fields. This suggests that the tachyon does not interact 
with this field. 

It should be remarkable, however, that under the pres- 
ence of a uniform electromagnetic field, the open string 
tachyon cannot be interpreted as time in the sense of a 
Schrodinger type equation [5j because as we can see from 
(|2~T1) the tachyon does not decouple from the electromag- 
netic field. 
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VI. INCLUSION OF FLUXES 

We now turn our attention to the case in which F^ v ^ 
0. Gibbons got the following Lagrangian for the tachyon 
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